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Potential Functions



Potential Functions

A Molecular Mechanics
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Lenard-Jones Potential
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Minimization



Potential Energy Surface

Extrema (stationary points, where the gradient is zero):

. maxima
saddle point

Minimization Methods

Simplex

Steepest descent
Conjugated gradient
Newton Raphson

AE, kecal/mol
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One-dimensional optimization

maximum
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» f(x)=0 — stationary
point

s * F’(x)<0 — maximum

* f’(x)>0 — minimum
0



Multidimensional Optimization

Saddle point Maximum

Saddle a a
point ?f=(a_i:raj)
f

/1 - 1
1" stk gradient
0 for Product B

Minimum for |
Product A

The coordinates can be
Cartesian (X.,y,Z..),

N N or internal, such as
Minmam o Reactafl N~ bondlength and angle

displacements)
Force: F=- V E (Potential energy)
V f=0 - Stationary Point (minimum, maximum, or saddle point)



Hessian matrix

A matnix of second-order derivatives of

the energy with respect to atomic

coordinates (e.g., Cartesian or internal

coordinates)
Sometimes called force matrix —

matrix size of (3N-6)x(3N-6)
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Approximate the complex energy landscape by harmonic potentials

around a stationary point (x;{",..x,"") [VE(x",..x"")=0]

E(xpx,) = E(x{™,.xS)+1> 3 H (E)(x, —x")(x, —x\"™)
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Contraction (One Dimension)

Simplex Method

Try a smaller step

1
N

If X' is still the worst point...

Reflection

II

"

This is the default new trial point

Reflection and Expansion

If reflection results in new minimum...

Move further along
minimization direction




Steepest Descent

Steepest descent direction g=-VE

\
r=(xl,..xn), g - (3N-6) -dimensional vectors \

r,=L+4g./|g| @
Advantage: :

*local minimization is guaranteed

efast minimization far from the minimum
Disadvantage:

* slow descent along narrow valleys
* slow convergence near minima R{Q /
N e 26 /

History gradient information is not kept



Conjugate Gradient Methods

Search direction is chosen using history gradient information

Initial direction — the steepest descent direction, h, = g,=-VE
I, =T, +ch,

¢ is defined by a one-dimensional

minimization along the search direction.

h,, =g.+7.uh

Fletcher-Reeves method: Vi, = Ilg gMIJ
Polak-Ribiere method: y.., = (g"“l_ glg)gfﬂ
g

Polak-Ribiere may be superior for non-
quadratic functions.

Gradient history is equivalent to implicit use of the Hessian matrix.



Newton-Raphson Methods

Explicit use of Hessian matrix.

Quadratic approximation : £(r) = E(r,)— Z (F 4, —5 & fi“ﬁ )

¢,- normal coordinates, I — T, = th k FE(TD)— ZFI

k=1
&, and 1, - eigenvalues and eigenvectors of the Hess.lan matn:{ at rﬂ

One-step optimization _F
of quadratic functions g —) VE(r)=0 [

For arbitrary functions

£ =1+ Y L(E)E )/ £ (r)

=]

Descent direction for &, (r,) > 0

Finds the closest stationary point (either
minimum, maximum, or saddle point).




Convergence Criteria

1. Maximum steps

2. RMS displacement

3. RMS force

4. Maximum Displacement
5. Maximum Force

Q used by AMBER



Molecular Dynamics Simulations



Molecular Dynamics (MD) Simulations
Why?

Static A Dynamic

562 water molecules




Molecular Dynamics

A MD is our approximation to how molecules explore their
potential energy surface in the real world
ATheat oms are fAheatedo by gi vi

velocities corresponding to temperature we wish to
simulate

A The wiggling and jiggling of the atoms is then obtained by
Integrating the Newtonian laws of motion
A This gives us the energy of all states occupied at that

Condition (temperature, pressure) as long as we simulate
long enough (Ergodic hypothesis)



Molecular Dynamics Simulations

How?
Newt onds Law of Moti ons
F(X) =" Plpotential = Ma(t) (1)

Vit=0)=V, (2

%<VO?,a> = kZT (a=Xx,Y,2) (3) (Equipartition Theorem)

V(t+Dt)=V(t)+a(t)Dt (4)
X (t+Dt) = X () + DV (t) (5)
Two Biggest challenges in MD simulations:

1. Values of inter-atomic Newtonian forces must be accurate.
2. Time step Dt must be very small to represent fastest vibrations (2 fs).



Timescales

A8wug |

Bond vibrations 1 fs

Collective vibrations 1 ps
Conformational transitionspsor longer
Enzyme catalysis
microsecond/millisecond

Ligand Binding- micro/millisecond
Protein Folding millisecond/second

. partial unfolding,
)
collective motions ~ pS_Jus 73| larger structural
rearrangements

localized
motions

W

o1

o

Conformational Coordinate

Molecular dynamics:
Integrationtime ste@ 1 or 2 femtosecond
Accessible timescale: 10 nanosecondsmsdconds



MD Simulations in Studying Biological Systems

rabbit hemorrhagic
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Benchmark of AMBER GPU-MD for FactorlX
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1x K8O board (2 GPUs)
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Steps in Molecular Simulations Studies

1. Build realistic atomistic model of the system

2. Simulate the behavior of your system over time
using specific conditions (temperature, pressure,
volume,etQ

3. Analyze the results obtained from MD and relate
to macroscopic level properties



Basic Procedure of Performing MD Simulations

Prepare An Initial Atomic Model
Assign Initial Velocities

Calculate Forces Acting On Each Atg

Move Each Atom According to Thos
Forces

Advance Simulation Time bipt




Molecular Dynamics

A Solve Newtoid equation for a molecular system:

== WV
Potential Function Force i
s
Newt onds Law: _
F =ma

F,=force onith atom
m = mass ofth atom
a=acceleration oith atom



How do you run a MD simulation?

A Get the initial configuration

AAssign Initial velocities

At thermal equilibrium, the expected value of the kinetic energy of
the system at temperature T is:

1 3N
< k|n> a. mV _(BN)kBT

This can be obtained by assigning the velocity components v, from
a random Gaussian distribution k T

with mean 0 and standard deviation (kgT/m;): <V_2> —
|

m



Integrator: Verlet Algorithm

Start with {r(t), v(t)}, integrate it to {r(t+Dt), v(t+Dt)}: O

@ 7 Dy, v+Dry

The new position at t+Dt: {r(t), v(t)}

r(t+Dt) =r(t) +v(t)Dt + % tha(t) + Q(DtS) (1)
Similarly, the old position at t-Dt:

r(t- Dt)=r(t)- v(t)Dx +%Dt2a(t) - O(Dt?) (2)
Add (1) and (2):

r(t+Dx) =2r(t)- r(t- Dt)+Dt?a(t) +O(Dt*) (3)
Thus the velocity at t is:

v(t) = K1) :i(r(HDt)- r(t- D)) +O(Dt*) (4)



Periodic Boundary Condition
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Periodic Boundary Conditions

infinite system with small number of
particles

remove surface effects I

shaded box represents the system we
are simulating, while the surrounding
boxes are exact copies in every detail

whenever an atom leaves the
simulation cell, it is replaced by another
with exactly the same velocity, entering
from the opposite cell face (number of
atoms in the cell is conserved)

I, IS the cutoff radius when calculating
the force between two atoms



Minimum Image

Bulk system modeled via
periodic boundary
condition

A not feasible to include
Interactions with all images

must truncate potential at half
the box length (at most) to
have all separations treated
consistently

4 Only interactions
considered

g~

. . ) These two are same
Contributions from distant distance from

separations may be central atom
Important

Same atoms



System Configurations



Statistical Ensembles

0 (0 hoti ) Q

Q Is called the
Canonical Partition Function.

~

AGhoRY  'Q°Yd € Ocanonical

"YU howhO) Qa ¢ micro canonical
ndohiYt) TQYae COAAANI T T EAAI
‘AoRY QYo :¢ OEAOIEAOT AAOEA

In Equilibrium MD, we want to sample the ensemble as best as
possible!



Molecular Dynamics Ensembles

Constant energy, constant number of particles (NE)
Constant energy, constant volume (NVE)
Constant temperature, constant volume (NVT)

Constant temperature, constant pressure (NPT)



Simulating at constant T:
the Berendsenscheme

Bath supplies or removes heat from the system as
appropriate

Exponentially scale the velocities at each time step by the
factorl :

T : Akinetico

wheret determines how strong the bath influences the
system

[ Berendsen et al. Molecular dynamics with coupling to an external bath. J. Chem. Phys. 81:3684 (1984) ]




Simulating at constant P:
Berendsenscheme

Couple the system to a pressure bath

Exponentially scale the volume of the simulation box at eac
time step by a factbr

/[ =1- /([E(P- Raath) where
P

: - u : volume
wherek : isothermal compressibility x;: position of particle i
lp: Coupling constant F, : force on particle i

[ Berendsen et al. Molecular dynamics with coupling to an external bath. J. Chem. Phys. 81:3684 (1984) ]




Time averages and ensemble averages

macroscopic numbers of atoms or molecules (of the order of 1023,
Avogadro's number is 6.02214199 1 1023): impossible to handle for MD

statistical mechanics (Boltzmann, Gibbs): a single system evolving in
time is replaced by a large number of replications of the same system

that are considered simultaneously

time average is replaced by an ensemble average:

<A>ensemble: <A>time ErgOdiC hypOthESiS

<A>ensemble: ﬁvﬂderNA(pN 2 N)r(pN 2 "




Ergodic hypothesis

A Classical statistical mechanics integrates oveplaiseaf
spadg,p}.
A Theergodic hypotasstanes that for sufficiedong

time thephase trajectdra closed system passes
arbitrarily close to every point in phase space.

A Thus the two averages egrial



Analyzation MD

A Averages
A Fluctuations
A Time Correlations



Time variation of energies

it

A kinetic A

pT =08313¢

energies | -

600 1100 1600 600 1100 1600
MD STEFS

Fig.3.3. Evolution of the kinetic energy during a molecular dynamics simulation,
During the first 1000 MD steps the velocities were scaled every 50°th step so as to
give the desired temperatures. All quantities are given in reduced units

A potential |
energies oo

-1700
600 1100 1600 100 600 noo 1600

MD STEPS

Fig.3.4. Time dependence of the potential energy (in units of €)




Time variation of pressure

A Equilibration of pressure with time
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Simple Average

I Mean energy

I Mean Structure

I RMSdifference between twstructures

I B-factor

B = - p* (RMSD)



Bulk-Density

A Density is one of a major molecular properties for
which van der Waals parameterization intends to
reproduce.

~NM

=RV

A Perform NTP simulations



Temperature

Temperature Is related to the ensemble averaged
Kinetic energy by

15 (NT N) ks T = AE, 4,

whereN is the number of atoms al is the
number of constraints. Typically we require the
total linear momentum of the system is
constrained to zero (the center of mass of the
system does not move), aNdis 3.



Pressure

Pressure Is related to the product of the positions and
forces (for pairwise interactions):

Virial Theorem

PV =Nk T + (1/3)aS
H_/

iIdeal gas contribution

Ij EN

whereN is the number of atoms; is the distance
between a pair of interacting atorfsis the

corresponding force, and the sum Is caker
pairwiseinteractions.




Compressibility Factor

Compressibility measures the deviation from the ideal
gas lawPV = NigT

whereN Is t
between a

ne number of atoms; is the distance

correspona

pair of interacting atorfsis the
Ing force, and the sum Is cakkr

pairwiseinteractions.



Isothermal Compressibility And
Thermal Expension Coefficient

Compressibility is a measure of the relative volume
change of a fluid or solid as a response to a pressure
change

odr T,




Heat Capacity At Constant Volume

ACalculate internal energies at different temperatures
and take the partial derivatives:
Cy=(@J /0,
= (U271 Ul1l)/ (T27 T1) at constanV¥

ACalculate the fluctuation of internal energy around
Its mean value:
Nk;T>C,=a(UT1 aJq,)?o0=au?q, 1 dJg,”

It requires a longer simulation time for one simulation at
one temperature. (A traawdf!)



Isobaric Heat Capacity

A Heat capacity iIs a measure of the heat energy
required to increase the temperature of a unity
guality of a substance by a unit of temperature.




Enthalpy of Vaporization

Enthalpy of vaporization is the enthalpy change that occurs during the transition o
onemol of substance from the liquid to the gas phase, where each of the phases i
under the equilibrium pressure.

Another important molecular property to be used in van der Waals parameterizatic

>

>

DHvap(T) = H ( p’T)gas_ H ( p’T)quuid = Egas_ liquid p(Vgas quuid)
vap(T) E EquU|d RT p< I|qU|d> + C
C = C:vib T C:pol + Cni + Cx

o = NkgT
oM = dhn, hn,

e—t—=—
a_i(; 2 eh/7/kT 1:

ib,g,intra - ib,l,intra ib,l,inter ib,l,inter




Static Dielectric Constant

U The static dieletric constaaf0) of a medium is
determined by the magnitude and density of the
molecular dipole moments and the extent to which
the directions of the dipole moments are correlated.

&0) =1+4p M)

3V )ke(T)
(M?)=(M.M)- (M)(M)=(MZ+M}+M?)- (<MX2>+<M§>+<M§>
M Is the total system dipole moment
U Polarizabllity correction

e = 4pNa (V)



Diffusion Coefficient

AEInsteini Smoluchowski Relation

=lim = <\r(t) - 1(0) >

ASelf-diffusion
TIP3P - 50
CH3OH i NMA -
A Diffusion of binary liquid mixtures



Radial Distribution Function

A radial distribution function measures the probabillity
of finding a particle as a function of distance from a
given particle.

g(r, Dr) " aN(r, Dr) q,/ 4pr2Dr

H_/ H_/
Dr

(@)
>

Number of The volume of a

particles between spherical shell

r andr + Dr from with thicknes<r
, the given particle




RDF of NMA

RDF of O1-C1 And O1-C3

Ol

O
)J\ c
/
C2 ” N1

N-methyl acetic amide

Cl

5.45 6.55 7.65 8.75

Distance

| trajin j14_md8.trj.gz

L #

i radial rad1 0.1 10 @01 @01
+radial rad2 0.1 10 @C2 @C2
radial rad3 0.1 10 @01 @C1
radial rad4 0.1 10 @O1 @C3

Distance  1.05 . . 4.35

Distance




Correlation Function

A correlation function measures the relationship
between two variables:

Cy=axyq,/ (@x*qy ay*qy)”

Af x (ory) fluctuate about a nerero mean value, replace
X (ory) in the above equation byt axq, (oryT1 ay q,).
Af x =y, C, is called an autgorrelation function.

1 completely correlated
Cy = O Independent
- 1 completely (ant)correlated



Radius of Gyration

Radius of gyration is used to describe the dimension
of a molecule

Radius of Gyration of 1BE9

11.4 M

o ]
e NI AR
R, . ~

Radius of Gyration

10.8
#time 499 999 1499 1999 2499 2999 3499 3999 4499 4999 5499 5999 6499 699

Simulation Time (ps)

501 1001 1501 2001 2501 3001 3501 4001 4501 5001 5501 6001
Simulation Time (ps)




Advanced Topics



Potential cut-offs

Bonded interactions: local, therefore O(N),
where N is the number of atoms in the molecule considered)

Non-bonded interactions: involve all pairs of
Atoms, therefore O(N?)

4

] nonbondeé]'p ﬁj

Reducing the computing time: use of cut-off in Uyg
The cutoff distance may be no greater than %2 L (L= box length)



Potential truncation

common approach:
cut-off the at a fixed value R_,

problem: discontinuity in energy and force
possibility of large errors

- — Lennard-Jones
= === Abrupt truncation

12 14 16 18 20 22 24 26
R
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Cutoff schemes for faster energy computation

o W

jim—welghts (0< g <1). Can be used to exclude bonded terms,

or to scale some interactions (usually 1-4)

o S(r) : cut-off function.

Three types:

1) Truncation:




Cutoff schemes for faster energy computation

2. Switching

1 r<a




Ewald Sum Method

» calculate all interactions with infinite lattice implied by periodic BCs
using 1deas developed for treating 1onic crystals

* consider charge version (also versions for dipoles & other multipoles)

e within primary box V., = ZZ| f] qi ]
j>ioi=1 }:
» for periodic lattice
I 18

Vv, =— - 1

/

elect T bt Lmd . }" +ﬂ| .71
=] Nlattice

vector

2 15 only conditionally convergent
(must group terms to get sensible
results); consider spherical arrays
of cells




Ewald Sum Method

* in the Ewald method the direct sum 1s made short ranged by adding
a neutralizing charge distribution around each charge:

3 A
p,(F) = —q,——exp(-a*r?) di

: 4 : r-space
* p(r) 1s then subtracted in a % sum
2nd summation performed in \/ \/
reciprocal “£” space Pi

<

p,(k) = [ dF exp(=k - F)p,(F) A’O / /\
r \ k-space
\/ \/ sum
* the result iS' ’

(o~ 4i4; erfc(afr; +nl)
[t +n|

r-space sum L = cell length

1  qiq; 47°
7TL3 47’(‘60 k2

Z Z _‘1_ self term and surface term (for
< 47y 3L3 — 4re array in vacuum)

K
exp ( - @) cos(k-ry)  /-space sum




Ewald Sum Method

Additional corrections:

A arises from a gaussian acting on its own site
A  (self-energy correction)

A or from a surface in vacuum



Particl Mesh Ewald

A Similar to Ewald method except that it uses FFT

A

A P3ME method has a very similar spirit with PME

1. Assigning charges onto grids

2. Use Fast Fourier Transform to speed up the k-space evaluation
3. Differentiation to determine forces on the grids

4. Interpolating the forces on the grid back to particles

5. Calculating the real-space potential as normal Ewald



